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Properties of Grébner bases |

K a field, K[x, ..., x,| polynomials in n variables.

Linear systems

Polynomial equations

Triangular/diagonal
basis of V

Definition (Buchberger)

< admissible ordering (lexicographical, total degree, DRL)

Ideal generated by f;:
I =1d(A,..., fm)

Grébner basis of /

G C K[x1,...,xy] is a Grébner basis of an ideal / if

Vf € I, exists g € G such that L<T(g) | L<T(f)

Grébner - Crypto

J.-C. Faugere

Grébner bases:
properties
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Solving algebraic systems:

Computing the algebraic variety: K C IL (for instance L=K [y
the algebraic closure) properties

i=A{(z1,....,z0) €L"| fi(z1,...,2,) =0, i=1,...,m}

Solutions in finite fields:
We compute the Grébner basis of G, of
(Ao Fn X2 — X1, .., X2 — xp], in Falx1, ..., x). Itisa

description of all the solutions of V.
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Theorem
. . Grébner bases:
> Vi, = @ ( no solution) iff Gp, = [1]. oroperties
» VE, has exactly one solution iff
G, = [x1 — a1, ..., X, — an| where (a1, ..., a,) € Fj.

Shape position:

If m > n and the number of solutions is finite ( # Vx < o),
then in general the shape of a lexicographical Grobner basis:
X1 > - > Xp!

ha (%) (= 0)
)

iy Xn—1 — hn—1(xp) (= 0)
Shape Position _

X1 — hl(%n)(z 0)
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Solving zero-dimensional system
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When dim(/) = 0 (finite number of solutions); in general:
> It is easier to compute a Grébner Basis of / for a total Zero dim solve
degree (<prL) ordering

» Triangular structure of Gb valid only for a lex. ordering:

hn(x,) =0
Xp—1 = h,_
Shape Position ' , 1)
x1 = h1(x,)
Dedicated Algorithm: efficiently change the ordering‘

FGLM, Grobner Walk, LLL, ...
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Zero dim solve

‘ Dedicated Algorithm: efficiently change the ordering

FGLM = use only linear algebra.

Theorem (FGLM)
Ifdim(/) = 0 and D=deg(/). Assume that G a Grébner

basis of | is already computed, then Gpe, a Grébner basis for

the same ideal | and a new ordering <peyncan be computed
in O(nD3).
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Zero dim solve

Initial System

Zero dim solve

[ Groébner Basis DRL order ]

Y

[Gr('jbner Basis Lexico order }

Factorization




Algorithms |
Algorithms: for computing Grébner bases.
» Buchberger (1965,1979,1985)
> F4 using linear algebra (1999) (strategies)
» F5 no reduction to zero (2002)
Linear Algebra and Matrices
Trivial link: Linear Algebra <= Polynomials

Definition: F = (f;,..., fm), < ordering. A Matrix
representation Mg of F is such that

'F = Mp.X
where X all the terms (sorted for <) occurring in F:

my > my > m;3
f
Mg = £
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Linear Algebra and Matrices

Trivial link: Linear Algebra < Polynomials
If Y is a vector of monomials, M a matrix then its
polynomial representation is e

Th,....fa] = M"Y

Macaulay method
Macaulay bound (for homogeneous polynomials):

m

D=1+) (deg(f)—1)
i=1




Grébner - Crypto

Algorithms Il

We compute the matrix representation of
{tf, deg(t) < D —deg(f), i=1,....m}, <pre

me>my>mz>--->m,

Buchberger and

t1 fl oo Macaulay

MMac - t£f2

Let Muac be the result of Gaussian elimination.

Theorem
(Lazard 83) If F is regular then the polynomial
representation of My.c is a Grobner basis.
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Efficient Algorithms

Fa (1999) linear algebra

Efficient Algorithms
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Efficient Algorithms
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Fa (1999) linear algebra
Small subset of rows: F5 (2002) full rank matrix

Efficient Algorithms
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Fa (1999) linear algebra
Small subset of rows: Fs (2002) full rank matrix F5/2
(2002) full rank matrix GF(2) (includes Frobenius h* = h)

Efficient Algorithms

momoms degree d in xi, ..., Xn
monom X fj,
A4 = monom X f;,
monom X f;,
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We consider the following example: (b parameter):

f3:X2+18xy—|—19y2—|—8xz+5yz+7z2
Sp Hh=3x>+(T+ b)xy+22xz+11lyz+227%> +8y?
fi=6x>+12xy +4y?> +14xz +9yz +72°

With Buchberger x > y > z:

» 5 useless reductions

» 5 useful pairs
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We proceed degree by degree.

x> xy y? xz yz 2°

A _ B]1 18 198 5 7
27 613 7 8 22 11 22
file 12 4 14 9 7

X2 Xy y2 X Z yZ 22

T_ A1 1819 8 5 7
27 5 1 3 2 4 -1
fi 1 —-11 -3 -5

“new” polynomials f; = xy + 4 yz +2xz + 3y? — z? and
fs = y> —11xz —3yz —52?
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fy=x>+18xy +19y* +8xz +5yz +72°
frp =3x°+Txy+2xz+11yz+ 222>+ 8y?
fi=6x>+12xy +4y?> +14xz+9yz +72°
fo=xy+4yz+2xz+3y>—2°

fs =y> —11xz —3yz —52?

fp — 1a
h— 15
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Xy Py ¥z
zfi /0 0O O O 1
yf3] 0 1 18 19 O e
xfg] 1 18 19 0 8
zfip] O 0O O O 3
yf] 0 3 7 8 0
xfa] 3 7 8 0 22
zf] O 0O O O 6
yf1l 0 6 12 4 O
xf1\6 12 4 0 14
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X Xy xy2 Yy X%z
z3/0 0 o o (D
yisl 0 1 18 19 0
Xf3 1 18 19 0 8 algorithm
2l 0 0o 0o o (3
vl 0 3 7 8 0
x| 3 7 8 0 22
o o o o 6
yiil 0 6 12 4 o0
xfi\6 12 4 0 14




Degree 3 Il

A3

Zf3
yfs
Xf3
Zf2
yfa
xfo
Zfl
yf1
Xf]_
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Degree 3 IV

Zf3
yf3
Xf3
Zf2
yfa
Xf2
Zfl
yh
Xfl

fz——> f4

fl——>f5

O 00 WwWOoOOokr oo %

o

x
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O b O O O O
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By X2 Y Kz oz ¥z P YR P
zfs/0 0 O O 1 18 19 8 5 7
yfs3l] 0 1 18 19 0 8 5 0 7 O
xf3] 1 18 19 0 8 5 0 7 0 O
zZf42f O 0 0O 0 O 1 3 2 4 2
yisf O 0 1 3 0 2 4 0 2 0
 xfsf 01 3 0 2 4 0 2 0 0
A;=1zf(s| 0 0 0 O 0O O 1 12 20 18 el
yls|l 0 0 0 1 0 12 20 0 18 O
xs\0 0 1 0 12 20 0 18 0 O

We have constructed 3 new polynomials

fo =y34+8y%z+xz2+18yz°> +1523
fr =xz2 +11yz°> +132°
fo = yz> + 1823

We have the linear equivalences: xf, < x f; < f5 and
fo — h
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Degree 4: reduction to 0 !

The matrix whose rows are

algorithm

x2ﬁ,xyﬁ,y2ﬁ,xzﬁ,yzﬁ,zzf,-, i=1,2,3

is not full rank !




Why ? Grél)lfer - Crypto

6x3=
algorithm
but only X4,X3y, o ,yz3, z* |15 columns

Simple linear algebra theorem: 3 useless row (which ones

7)
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hfs—fif=0

can be rewritten

3x2f+ (T4 b)xyfs +8y*f,+22xzf

+1lyz £ +2222 6~ | |~ 18xy f — 192 f

—8xzf2—5yzf2—722fz:O

We can remove the row x°7
same way fif; — f; =0 — remove x°f;
but if, — Hfi =0 — remove x°f; | 777
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= (hfi—hfh)—3(KH—Af)

(h —3f)H — Ly +3hf

fafy — fif +3hH

= ((1— b)xy+4yz+2xz+3y* —2°)
—(6X2—|—---)f2—|—3(6x2+-'-)f3

oooo
I

» if b#1remove xy f
» if b=1removeyzf

‘ Need “some” computation
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Any combination of the trivial relations f;f; = f;f; can
always be written:

u(hfi — ifh) +v(hfi — Af) +w(hf — )
where u, v, w are arbitrary polynomials.

(uhy+vB) fi— ufih — vify + whis — wh

(trivial) relation hfy +--- =0+« held(fh, f)

Compute a Grdbner basis of (f, 3) — Gprev.

Remove line h f iff LT(h) top reducible by Gprey




Degree 4 |

v2f,x zh, y zf, 21, x b, y? b, x 2,
y zf, 226, X*f3, x yf3, y* £y, x 23, y 23, 2% 13

In order to use previous computations (degree 2 and 3):

xbh —fs Hh—1f
xtp — fg yh — f
fi — 1

v, 2fy, zf7, 2°f5, yfs, y fu, 2fs, y 2fa,
ZQf;"YX2f.37X féy 2f-37XZf<37 Zf‘3722f.3Y
v,y y

Grébner - Crypto
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algorithm
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Degree 4 1|
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wZ yZ x2 y2 7

 Zif 1 3 2 4 22

Sub matrix: 2fs 1 12 20 18

zf; 1 11 13

Zf8 1 18

yfs 1 1 0 13 O
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> Incremental algorithm

(f) + Goud

> Incremental degree by degree

» Give a "unique name” to each row

Remove hf; +--- if LT(h) € LT(Goq)

LT(h) signature/index of the row
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Fs matrix
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Special/Simpler version of Fs for dense/generic

polynomials.
the maximal degree D is a parameter of the algorithm.

degree d m = 2, deg(f;) = 2 homogeneous quadratic
polynomials, degree d:

algorithm

We may assume that we have already computed:

G; 4 Grébner basis [f1, ..., f;] up do degree d




In degree d erebner comee
J.-C. Faugere

Mm M Mg My M

ufir/ 1 x x x X

wfi}! 0 1 x x X

V] fl 0 0 1 X X algorithm

V1 f2 0 0 0 1 X

Vo fz 0 0 0 0 1

wif3] 0O 0 0O O O

wefzf O 0O O O O

: 0O 0 O 0 O

with deg(u;)

I
o
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Select a row in degree d:

m M Mg My My

0 1 X X X :
v 0 0 0 1 x
v fp 0O 0 0o o0 1
@ 0O 0O O O O
Wo f3 0 0 0 0 0




From degree d to d + 1 Il G“"f'fe"“y"f"

M M Mg My Mg

algorithm
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From degree d to d 4 1 |lI et
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Keep wyxi fa iff wix; & LT ({1, f2))




From degree d to d + 1 IV G- o
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Keep wix; f3 iff wix not reducible by LT(G24_2)
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Fs properties

Full version of F5 : D the maximal degree is not given.
Theorem If F = [fi,..., fy] is a (semi) regular sequence
then all the matrices are full rank.

algorithm

» Easy to adapt for the special case of [F, (new trivial
syzygy: 7 = f).

> Incremental in degree/equations (swap 2 loops)

» Fast in general (but not always)

> F5 matrix: easy to implement, used in applications
(HFE).
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Classification |

(with M. Bardet, B. Salvy)

Complexity result

Theorem
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Classification |l

Pour une suite semi-réguliére (fi, ..., f,), il n'y a pas de
réduction a 0 dans I'algorithme Fs en degré inférieur 3 son
degré de régularité dyeg,; de plus dyeg est le degré en z du
premier coefficient négatif de la série:

ﬁ 1—(1—6xp,) 2%\ [(1—06kF, 22\"
. 14+ (SIK,IFZZd[ 1—=z

i=1

Complexity result

ou d; est le degré total de f;. Par conséquent, le nombre
total d’opérations arithmétiques dans IK nécessaire a Fs
(voir algorithme 7?) est borné par

Cste- My, (n)* with w <3

On considére une suite semi-réguliére constituée d'équations
(fi,..., f;). Le tableau suivant résume le résultat de
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Classification Il

plusieurs théorémes donne le développement asymptotique
de dreg lorsque n — co en fonction de la valeur du rapport
entre le nombre d'équations et le nombre de variables .
Légende des symboles utilisés dans le tableau:

k est une constante (qui ne dépend pas de n).

d; est le degré total de f;.

Hy (X) est le k éme polynéme d'Hermite; hy 1 est le plus
grand zéro de Hy (tous les zéros de Hy (X) sont réels).

a; ~ —2.3381 est le plus grand zéro de la fonction d'Airy

(solution de 327{ —zy =0).

oz) = 2 tog (1-2)" [l -2 -

Complexity result

3

i=1

UL . S
Z -1y % et 7 est la racine de ®'(z) qui minimise
i=1
CD(ZQ) >0
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m Degré dreg
m<n|Kd=2|m+1 (Macaulay bound)
n+1 | K L (A. Szanto)
n+k | Kd =2 g_—hklf+o
n+kd7 n+k d2 1
n+ k IK > - hk 1 Z + 0(1) Complexity result
i=1 i=1
2n | K. di=2 |y +1.04n5 —147+ 171075 + O
k K, d=2 | (k=—1—/k(k—1 — a3
n ( 2 ( ))n+ 2<k1(k_1))% n3
k n K D(z0)n— a1 (—39"(2)23)> + O n%)
n F, di = 2 | 7455 +1.0034n5 — 1.58 + O(n™5)
k n Fp, d; =2 <—k+§+§\/2k(k—5)—1+2(k+




Fast Grobner algorithms
overdetermined systems

Jean-Charles Faeae

CNRS - Universié Paris 6 - INRIA
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Why do we need
efficiency ?

Users have problems that they want to solve.

Hot topic in Cryptography (L. Perret).
The goal Is to evaluate the security of a

cryptosystem.
' Should be resistant to:

m differential cryptanalysts
m linear cryptanalysis
m Algebraic Cryptanalysis

Samos — 2007 —p. 2



Algebraic
cryptanalysis

Convert the crypto-system — algebraic
problem.

Evaluate the difficulty of the corresponding
algebraic system S.

V={zeF,;, f(z7=0fec .}
To solveS:
m compute Grobner bases.

Samos — 2007 —p. 3



=« Algebraic
cryptanalysis

Convert the crypto-system — algebraic
problem.

Evaluate the difficulty of the corresponding
algebraic system S.

V={zeF,;, f(z7=0fec .}
To solveS:
m compute Grobner bases.
m exaustive search !!
Complexity of exaustive O(n2") n > 80

Samos — 2007 —p. 3



Specific problems

Vi, ={zeF;}, fi(zg=0,i=1,....,m}

In fact we have to add the “field equations™

X2 —X.

ldeal fi(z2) =0,i=1,...,m)+ (¥ —x,i=1,...,n)

Hence we have M = m+ n equations in n
variables.
Sometimes m>> n.

Samos — 2007 —p. 4



Specific solutions

For several applications (Signal Theory, Crypto,
...) we have to solve an overdertimed system of
equations.

m Improve algorithms for overdertimed
systems.

m I[mprove complexity bound (Macaulay
bound).

Samos — 2007 —p. 5



Specific algorithm In
Crypto

From “outside” the perception of Grobner bases
IS (often) bad:

= d?™° complexity.

m Very Inefficient implementation of Grobner
bases in general CAS.

m Results on Complexity are not well known.

— develop new algorithms for solving algebraic
equations.

Samos — 2007 — p. 6



Other algorithms: XL

In crypto: develop their own algorithms !
fi initial equations (of degree 2) D a parameter

1 Multiply: Generate all the ([%_; ;) fi withd <D —2

2 Linearize: Consider each monomial in the X; as a
new variable and perform Gaussian elimination on the
equations obtained in 1.

Ordering monomials such that all the terms containing
onel variable (say x;) are eliminated last.

3 Solve: Assume that step 2. yields at least one
univariate equation in the powers of x;. Solve this
equation over the finite field.

Samos — 2007 —p. 7



Other algorithms: XL

Efficient Algorithms for Solving Overdefined
Systems of Multivariate Polynomial Equations

N Courtois, A Klimov, J Patarin and A Shamir
Abstract. [...] Giobner base algorithms have large exponential
complexity and cannot solve in practice systems with= 15. Kipnis
and Shamir [9] have recently introduced a new algorithm called
"relinearization”. [...]
This is a challenge for Computer Algebra !

Samos — 2007 —p. 7



Complexity

| = (fl(Xl,...,Xn),”' , fm(X17°'°7Xn))

X Xy
F
1 = (" 1(X1,..., X0, N), -+, T m(Xe, ..., X0, D))

= N nb of variables, mnb of equations

f(X, ..., %) — F*(Xq, ..., %, h) =hded

= D maximal degree occurring
m dimension/degree
m Hilbert function/Reqgularity

Samos — 2007 —p. 8



Complexity (well
known results)

Hypotheses none

ONE Explicit example: Mayr and Meyer

Complexity d?’



Complexity (well
known results)

| = (F1(X2, ),y fn(Xe, - -, %)) and deg fj) = 2

Hypotheses “set of zeros at Infinity Is finite”
dim(1*) =0
Grobner basis (DRL ordering) [La83, Giu84]

= computed in time polynomial in 2"

= maximal degree = n+1when m=n
(Macaulay)

Lemma 1: For almost all systems: polynomial in 2"

Samos — 2007 —p. 9



Complexity (well
known results)

= (fl(Xl, .. .), ceey fm(X]_, - 7Xn)) and deg fl) =2
Hypotheses X € GF(2)

Grobner bases:
Lemma 2 complexity is always

polynomial in 2".




Efficient Algorithms

Buchberger (1965)
Involutive bases (Gerdt)
F4 (1999) linear algebra
slim Gb (2005)

momoms degreel in Xq,...,Xn

monomx fj,
Ag = monomx fi,

monomx fi,

Samos — 2007 —p. 10



Efficient Algorithms

Fs (2002)full rank matrix

momoms degreel in Xq,...,Xn

monomx fj,
Ag = monomx fj,

monomx fj,

Samos — 2007 —p. 10



5 matrix

Special/Simpler version of F5 for dense/generic
polynomials.

the maximal degree D Is a parameter of the
algorithm. degree d m= 2, deg(fj) =2
homogeneous guadratic polynomials, degree d.

Samos — 2007 —p. 11



5 matrix

m= 2, deg( fj) = 2 homogeneous quadratic
polynomials, degree d:

Mm M M3 My Nk
umfi/ x x x x X \\
u>fiq] X X X X X
usfi] x X X X X
vifol X X X X X ...
vzfz\x X X X X /

deg(ui) = deg(vi) =d—2

Samos — 2007 —p. 11



Uz f1
up 1
us fq
vy fo
Vot

My
X
1
0
0
0

OOH><><<§

OH><><><§

=X X X X

Samos — 2007 —p. 12
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th b t3 14 t5

0 1 x Xx X
0O 0 1 x x
O 0 0O 1 x

Samos — 2007 —p. 13



th L t3 1ty t5 ...

| —swixjfy

ﬁlej-kl f2
>V1Xn f2

© O o
© O P
o X

X
X
1

X X X

-Keep vy fo Iff vix & LT ((f1))

Samos — 2007 —p. 13



Specific algorithms

Nothing to do !

more equations — more efficient Gb
computation

Samos — 2007 —p. 14



Specific algorithms

X2 = X

“Easy” part: we can handle efficiently that all the
monomials are squarefree (Boolean Grobner
bases) and to develop specific linear algebra
packages (over [F»).

Moreover, we have new trivial syzyqgies:

fifj=fjfi ="
F5/2 (2003/2005) specific version for [F.

Samos — 2007 —p. 14



Specific Complexity

(with B. Salvy, M. Bardet, 2005)

Goal: estimate d, maximal degree occurring
Grobner comput.

ldea: we construct Ay following step by step

. — Ag full rank — number of rows.

momoms degreel in Xq,...,Xn

monom(d — 2) x fj, ..
Ag = monom(d — 2) x fi,

monom(d — 2) x fi,

Samos — 2007 — p. 15



[ criterion

Criterion: tfj is in the matrix if t ¢ Id(LT(Gj_1)),
where Gj_; is the Grobner basis of { fq,..., fj_1}.

Ug.i(n) nb of rows when computing { fy,..., fi} in
degree d.

Samos — 2007 —p. 16



Recurrence relation

number of monomials criterion

of degree< d—2



End of the
computation

row degree d [ h[d,i]=row — COI}

v

hg.m(n) < 0 end of the Grobner computation
Compute biggest real root Ny of hy m(n).

Samos — 2007 —p. 18



Generating series

Theorem 1.1 fjdegreed;, 1 =1,..., mfinite field
Fg:

Samos — 2007 —p. 19



Asymptotic
expansion

biggest real root of




Asymptotic
expansion

On = /\10” Y3 +0(4)
AO3 n3
1
dn ~ 7riras+ 1.0034r8 + O(-%)

| Wwhere

Ao=3/2v3+5/2+1/2\/72+42/3~ 11.13
and A1 Is expressed in term of the biggest zero of

the Airy function (solution g—i%’ —2zy=0)

Almost exact formula when n> 3!

Samos — 2007 —p. 20



Maximal Degree ( F,)

degree

14

12 -

10 -

0 I I I I
o3 9 16 24 32 41 49 58 67 77 86 95 n

Samos — 2007 —p. 21



Conclusion

Classification: m number of polynomials, n
variables

m = csten exponential complexity
m= cstenlog(n) | sub exponential complexity
m = csten’ polynomial complexity

Samos — 2007 — p. 22



HFE

HFE = Hidden Fields Equations

m public key cryptosystem using polynomial
operations over finite fields

m proposed by Jacques Patarin (96)

m Very promising cryptosystem: signatures as
short as 128, 100and even 80 bits.

Samos — 2007 — p. 23



secret keyP(x) = ---x2 T2 ... 4 x4 oy x84 -
...,016,C17 € GF(Z”), .

univariate polynomial structure is hidden

Samos — 2007 — p. 23



HFE

secret keyP(x) = ---x2 T2 ... 4 cyxt’ + cpxi8

x= S Ixw € GF(2"), x € GF(2), w e GF(2")

0

gl(X07 oo 7Xn—1)

0

gn(XO7 IO 7Xn—1)

where g; coeff of W in P(S—3'xw') (degree 2)

Samos — 2007 — p. 23



HFE

secret keyP(x) = --- X2 T2 ... 417X

17

C16X

16

x= S Ixw € GF(2"), x € GF(2), w e GF(2")

(Random) Change of coordinates

n—1
Xi = Z)ai,jyj
|=

(Random) Mix of equatigns
fi=> bijg;
=1
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secret keyP(x) = - -

iy
w242

C17X

17

C16X

16

x= S Ixw € GF(2"), x € GF(2), w e GF(2")

Public key:

f1(Yo,..-,¥n—1)

fn(YOa ce aYn—l)
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HFE encryption

Initial | (Xq,...,X%n)




HFE encryption

Initial (X1,---5%n)

Encryption | z = fi(Xq,...,Xn)




HFE encryption

Initial (X1,--+,%n)
Encryption | z = fj(Xq,...,Xn)
Send (z1,...,2Zn)




HFE decryption

Initial (X1,.--5%n)
Decryption | z = fi(Xg,...,Xn)
Send (z1,...,2Zn)
secret
Initial (21,...,2n)
Decryption | Solve P(x) =z
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HFE decryption

Initial (X1, - -, %n)
Decryption | z = fi(X1,...,%n)
Send (Z1,..-,2n)
Enemy
secret Initial (Zl7 ceey Zn)
Initial (1, .. .,Zn)

Decryption | Solve P(x) = z | | Decryption
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HFE decryption

Initial (X1, - -, %n)
Decryption | z = fi(X1,...,%n)
Send (Z1,..-,2n)
Enemy
secret Initial (Zl7 ceey Zn)
Initial (1, .. .,Zn)

Decryption | Solve P(x) =z | | Decryption—-

/ —
Hence,-solving algebraic system.
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Degree of univariate
polynomial

Time to solve the univariate polynomial of degree
d: /(M (d)log(d)) operations in Fon (MCA

Gathen/Gerhard)
(n,d) (80,129) (80,257) (80,513)
NTL (CPU time) | 0.6 sec 2.5 sec 6.4 sec
(n,d) (128,129) (128,257) (128,513
NTL (CPUtime) | 1.25sec 3.1sec 9.05sec

(NTL/Shoup PC Pentium Il 2000 Mhz)
d cannot be too big !
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Experiments

Buchberger
Maple slimGb Macaulay 2 Singular F Fs
after 10m 12 17 19 19 22 35
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Experiments

Buchberger
Maple slimGb Macaulay 2 Singular F Fs
after 10m 12 17 19 19 22 35
after 2h 14 19 23 21 28 45
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Experiments

m Challenge 1 broken

m Recover Experimentally the complexity of
HFE wrt degree of hidden polynomial

' Let D(d,n) be the maximum degree occuring in
the Grobner computation of HFE polynomial
degree d, [Fon.
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Challenge 1

Proposed by J. Patarin
m 80 equations in degree 2
m Random ? Average nb of terms: 1623.9

n(n—1) |

2

= 16205
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Challenge 1

But after F5/2: 6.4 H can be detected that it is not
random !

| After 187892 sec (= 2 days ) find 4 solutions
(one proc Alpha 1000 Mhz + 4 Go RAM)
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Challenge 1
(solutions)

80
X = ZXiZI_l
=

X =644318005239051140554/718
X =934344890045941098615214
X =10226777136290287/61203046
X =1037046082651801149594670
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Maximal degree

16

Maximal Degree in the
Grobner basis computation random system

/_/

14

12

m —
6 —

/ HFE 128<d<513
[ HFE 16<d<129

Wi HFE 3<d<17

n

0 10 20 30 40 50 60 70 80 90 100
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HFE Conclusion

d D | Exp comp
d< 17 3 n°
17<d< 129 | 4 nS
129<d < 513| 5 nto

Complexity of HFE
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Conclusion

m Applications: — Challenging problem for
Computer Algebra.

= Need very powerful
algorithm/implementation.
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F4

An efficient algorithm for computing
Grobner using linear algebra

Jean-Charles Faage

CNRS - INRIA - Universie Paris 6
SALSA Project
Samos 2007

Samos 2007 +4 —p.1



Plan of the talk

m Goal of i

m Description of the algorithm.
m Step by step example.
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Goal of 4

Among other things 3 big difficulties:

m A crucial issue to be faced in implementing
the Buchberger algorithm is the choice of a

Strategy.

= An apparent difficulty Is the growth of the
coefficients when computing with big
Integers.

m |t Is difficult to parallelize this algorithm: f,
depends strongly on f,_1, frn_2, ... (if you
remove zero!).
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Goal of 4

There are a lot of choices:

m select a critical pair in the list of critical pairs.

m choose one reductor among a list of
reductors

Buchberger theorem — not important for the
correctness of the algorithm
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Notations

m Y =R[Xq,...,X) is the polynomial ring.
m T the set of all terms.

mF =|[fq,..., fy] algebraic equations
m T(F) the support of F.
m a critical pair Pair(f,g) = (7,t¢, f,tg,0)
(tf,tg) €T?, tq.LT(g) =t;.LT(f)=1=Ilcm(LT(f),

m the two projections Left(Pair(f,g)) = (t5, f),
Right (Pair(f,g)) = (tg, 9)
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Linear Algebra and
Matrices

Trivial link: Linear Algebra « Polynomials
Definition: F = (fq,..., fy), < ordering. A Matrix
representation Mg of F Is such that

TE =M. X

where X the monomials (sorted for <) T(F):
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Linear Algebra and
Matrices

Trivial link: Linear Algebra « Polynomials
If Y Is a vector of monomials, M a matrix then its
polynomial representation is

Ty, fl =M.y
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Buchberger
algorithm

Can be rewritten using linear algebra (simultating
Spoly and reductions)

M M M3 My

f1/>|< *  k >|<\\

fol *  x % x
Mg= f3] O x % %
fal O O *
f,\ 0 0 0 =)
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Macaulay method

Macaulay bound (for homogeneous
polynomials):

D=1+§<deg<fi>—1>

We compute the matrix representation of
{tfi deg(t) <D —deg(fi)i=1,...,m <pRre
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Macaulay method

M >NMh >NMg>--- >k

tyfy /[ \\

to fs e
t3f3 \ e /
Let Mpac the result of Gaussian elimination.

Theorem: If F Is regular then the polynomial
representation of Myac IS a Grobner basis.
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F4: The algorithm

Algorithm F4
(F p— (fl,,fm)
| L.
nput: < el Ligt(Pairs) — Ligt(Pairs) /el(l)

G_Fd_op_{Palr (fi, fj) i #j}
while P £ 0 do

d=d+1

Py :=.7¢el(P), P:= P\Py

Fq := Reduction(Left(Py) URight(Py), G)

for he Fy do
P:=PU{Pair(h,g) | g€ G}
G:=GuU{h}

Samos 2007 F4 —p.9
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Reduction

(L a finite subset o x &
\G a finite subset o/

Output: a finite subset of &2 (possibly an
empty set).
F .= Symbolic Preprocessitfty, G)
M the matrix representation of F.
M := Gaussian elimination M
F the polynomial representation of M.

return {f € F [HT(f) €HT(F)}

| nput: <

Samos 2007 +4 —p. 10



Symbolic

Symbolic Preprocessing
nput: {LCT Xx22,.GC P

= ={txf | (t,f) e L}
Done:=LT(F)
while T(F) # Done do
m an element of T(F)\Done
Done := DoneuU {m}
If mtop reducible modulo G then
m=m «LT(f) for some f € G and some
meT
F:=Fu{mxf}
return F Samos 2007 4 — p.11




F4.. Example

fa=X1+2X% +2X%3+2X— 1
f3 = X5+ 2X1X3 + 2XoX4 — X3
fo = 2X1 X2 + 2XoX3 + 2X3X4 — X2

f1 = X2+ 2X5 + 2X4 + 2%2 — X1

G = [fq,..., f4] and two critical pairs of degree 2

[Xiv 17 f17X17 f4]

[X1X27 17 f27X27 f4]
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F4.. Example

fa=X1+2X% +2X%3+2X— 1
f3 = X5+ 2X1X3 + 2XoX4 — X3
fo = 2X1 X2 + 2XoX3 + 2X3X4 — X2

f1 = X2+ 2X5 + 2X4 + 2%2 — X1

[Xi 17 f17X17 f4] [X1X27 15 f27X2> f4]

L2 — {(17 f1)7 (X17 f4)7 (17 f2)7 (X27 f4)}
symbolic reduction: L, and G:

F = {fl,X]_ f47 f27x2 f4}
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Done = {x2,x1%2}

— 2 |2
T(F) {X X27X37 X4 y X1, X1X2, X1 X3, X1X4, X2X3, X3X4, X2,

Select | x| cannot be reduced by G
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Cont

Done = {x2,x1%2}
_ 2
T(F)_ {X X27X37 X4 y X1, X1X2, X1 X3, X1X4, X2X3, X3X4, X2,

Select | x| cannot be reduced by G

_ o2 w22l
T(F)= {X{,X5,|X5 |, X3, X1, X1X2, X1X3, X1 X4, X2X3, X3X4, X2,

Select |x5|: cannot be reduced by G
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Cont

Done = {x2,x1%2}
_ 2
T(F)_ {X X27X37 X4 y X1, X1X2, X1 X3, X1X4, X2X3, X3X4, X2,

Select | x| cannot be reduced by G

_ o2 w22l
T(F)= {X{,X5,|X5 |, X3, X1, X1X2, X1X3, X1 X4, X2X3, X3X4, X2,

Select|x5: cannot be reduced by G . ..

_ 2 2 2 2
T(F)_ {X17X27X37X47X17X1X27X1X37X1X47X2X37X3X47X27X
Select| 1] cannot be reduced by G
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Cont

Done = {x2,x1%2}
_ 2
T(F)_ {X X27X37 X4 y X1, X1X2, X1 X3, X1X4, X2X3, X3X4, X2,

Select | x| cannot be reduced by G

_ o2 w22l
T(F)= {X{,X5,|X5 |, X3, X1, X1X2, X1X3, X1 X4, X2X3, X3X4, X2,

Select|x5: cannot be reduced by G . ..

— 2 2 2 2
T(F)_ {X17X27X37X47X17X1X27X1X37X1X47X2X37X3X47X27X
Select| 1] cannot be reduced by G

— 2 |2 | w2 2
T(F)_ {X17 X2 7X37X47X17X1X27X1X37X1X47X2X37X3X47X27

SeIeCt @ redUC|b|e bv 1 X fQ Samos 2007 F4 — p. 16




Select

X1X3

2 W22 U2
T(F)= {x{,%5,%5, X7, X1, X1X2,[ X1 X3

. reducible by X3 x f4

, X1X4, X2X3, X3X4, X2,

F = {fl,X]_ f4, f2,X2 f47 f37X3 f4}
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Cont

U2 U2 W2 W2
T(F)= {X{,X5,X§,X], X1, X1X2,[ X1 X3, X1X4, X2X3, X3X4, X2,

Select [X1X3]: reducible by x3 x f4

F = {fl,X]_ f4, f2,X2 f47 f37X3 f4}

V= 12 V2 2 2
T(F)_ {X17X27X37X47X17X1X27X1X37X1X47X2X37X3X47X27X
17X37X4}

F = {f1,X114, T2, %014, f3,X3 4, X414, T4}
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Matrice

m\.w
-
| —
-
-’
()
| —
-

O
-
&)
-

©
(V)
| —

O

[,

O
&
>
(7
)

i

T

X1

2 2 2
X1X2 X5 X1X3  XoX3 X3 X1Xqg  XpX4 X34 Xy

2
X1

0 0 -1/2 0 O

1
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Matrice

then the matrix is reduced to row echelon form:

=0

R O O O O O O O

X1X2

o r O O O O O

X

NN

o O r O O O O O

X1X3
0

o O ©o »r O O O

XoX3
0

o O o o » O O

X

WN

o O o o o » O O

X1X4

0

o O O O o o Bk

X1

O O O O O o o

X2X4

X3X4

X3 X 1
2 2 -1
O -1 O

# F 0

2 3 0

$ % o0

+ # o

# -2 o

¥ 9 -
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Degree 3

Let fj. 3 be the polynomial corresponding to the |
th row of this matrix (= 2,3,...,8). (for instance

fs = X1X4 4+ 2XX4 + - - -).
The next degreeisd =3 and Lz =
i {(X27 f2)7 (Xl? f3)7 (X37 f3)7 (X27 f6)7 (XZa f5)7 (X37 f6)}
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F,: some matrices
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F,: some remarks

Theorem 1 The algorithm F4 computes a Grobner
basis Gin & such that F C Gand Id(G) = Id(F).

m The algorithm computes successive
truncated Grobner bases.

m Designed for degree ordering.

m Replaces the classical Buchberger reduction
oy the simultaneous reduction of several
nolynomials.
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F,: some remarks

m The new reduction mechanism is achieved
by means of a symbolic precomputation and
by extensive used of sparse linear algebra
methods.

= Even though the new algorithm does not
Improve the worst case complexity it is
several times faster than the other
algorithms/mplementations (both for integers
and modulo p computations).

m symbolic reduction — efficient complexity
depends on the #the support # the number
of (non zero) elements In the final mateix Az -



Conclusion

e \We have transformed the degree of freedom in
the Buchberger algorithm into strategies for
efficiently solving linear algebra systems.

e This Is easier because we have constructed the
matrix A and we can decide to begin the
reduction of one row before another with a “good
reason’.

e For integer coefficients it is a major advantage
to be able to apply an iterative algorithm on the
whole matrix.
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Conclusion

e Bad point: the matrix A is singular

— see k5

e Bad point: Ais often huge.

— compression divide the size of Aby > 10
e Not efficient for monomials or binomials
(Mayr/Meyer example).

e Difficult to implement (but .. .)
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An efficient algorithm for computing
Grobner bases without reduction to zero

Jean-Charles Faag

CNRS - INRIA - Universié Paris 6
SALSA Project
Samos 2007
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Plan of the talk

m Goal

m The idea

m Theorem

m Description of the algorithm

m Simple description for dense polynomials

m Experimental efficiency
= Number of useless critical pairs
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Goal of s

Computing Grobner bases: Buchberger
algorithm or F4

with Buchberger Criteria 90% of the time Is spent
IN computing zero

Open issueremove useless computations.

— a more powerful criterion to remove useless
critical pairs.
Goal of Fs: theoretical and practical answer.
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Goal of s

Goal of Fs: theoretical and practical answer.

Grobner basis of (fq,..., fm)
what is a reduction to zero ?

M
i;Qi fi=0

(917 A gm) iS a Syzygy
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Previous Work

Buchberger 1979: A Criterion for Detecting
Unnecesary Reductions in the Construction of
Grobner Basis.

(two criteria remove 90% of useless critical

pairs.)

Gebauer and Moller 1986: Buchberger’s Algorithm
and Staggered Linear Bases.

Moller, Mora and Traverso 1992 : Grobner Bases

Com
Gerd

putation Using Syzygies
t Blinkov 1998 Involutive Bases of Polynomial

|dea

ssome reductions are forbidden
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Previous Work

Buchberger 1979: A Criterion for Detecting
Unnecesary Reductions in the Construction of
Grobner Basis.

The efficiency of those algorithms is not yet
satisfactory in theory and practice because a lot
of useless critical pairs are not removed.
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b

The Ildea

f3 = X2 4+ 18xy+ 19y? + 8Xxz+ 5yz+ 77°

f2 — 3X2—

- (7+b)xy+22xz+ 11yz-

f1 = BX -

- 12xy+ 4y° + 14xz+ 9yz

77°

- 227° 4 8y?
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The Ildea

f3 = X2 4+ 18xy+ 19y? + 8xz+ 5yz+ 77°
o< o =3X2+ TXY+ 22X 7+ 11yz+ 227° + 8Y?
f1 = 6X% + 12xy+ 4y? + 14xz+ 9yz+ 77

With Buchberger x>y > z
m 5 useless reductions
m 5 useful pairs
We proceed degree by degree.
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The Ildea

f3 = X2 4+ 18xy+ 19y? + 8xz+ 5yz+ 77°
o< o =3X2+ TXY+ 22X 7+ 11yz+ 227° + 8Y?
f1 = 6X% + 12xy+ 4y? + 14xz+ 9yz+ 77

2 Xy V Xz yz ?

X

f3f 1 18 19 8 5 7
A= fo| 3 7 8 22 11 22
fi\ 6 12 4 14 9 7
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The Ildea

f3 = X2 4+ 18xy+ 19y? + 8xz+ 5yz+ 77°
o< o =3X2+ TXY+ 22X 7+ 11yz+ 227° + 8Y?
f1 = 6X% + 12xy+ 4y? + 14xz+ 9yz+ 77

X2 Xy VY XZ Yz ?2

f3/ 1 18 19 8 5 ¥4
B,= f,l 0 1 3 2 4 -1
f4{\ O 0 1 -11 -3 -5
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The Ildea

f3 = X2 4+ 18xy+ 19y? + 8xz+ 5yz+ 77°
o< o =3X2+ TXY+ 22X 7+ 11yz+ 227° + 8Y?
f1 = 6X% + 12xy+ 4y? + 14xz+ 9yz+ 77

X2 Xy VY XZ Yz ?2

f3/ 1 18 19 8 5 ¥4
B,= f,l 0 1 3 2 4 -1
f4{\ O 0 1 -11 -3 -5

“new” polynomials f4 = xy+ 4yz+ 2xz+ 3y — 72
and fs =y° — 11xz— 3yz—57°

Samos 2007 5 —p. 5



Degree 3

fg = X%+ 18xy—+ 19y? + 8xz+ 5yz+ 77

fo = 3X% 4+ TXY+ 22X 2+ 11yz+ 227° + 8y?
f1 = 6X% + 12Xy+ 4y? + 14xz+ 9yz+ 772
fq = Xy+ 4yz+ 2xz+ 3y? — 72

fg =y° — 11xz— 3yz— 57°

and

fzﬁ f4
f]_% f5
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1.0

0 ...
1 0 8
zb| 0O 0 0 0 3
yb| 0 3 7 8 0
xf,] 3 7 8 0 22
zf | 0 0 0 0 6
yfl 0 6 12 4 0

xfb\6 12 4 0 14 ...)
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®
0
xf3] 1 18 19 0 8
zb] 0 0 0 0 (3
yhbl] 0O 3 7 8 0
xthb[3 7 8 0 22
zh] 0 0O 0 0 6
yhi| 0 6 12 4 0
xfb\6 12 4 0 14 ...)
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(D) ...\
19 0 ..
0 8
0 (3)

8 0
0 22
0 6
4 0
0 14 ...)
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><00
><N
<
<
<O
o
><N
N

z5/0 0 0 (D) ..

T2 — 1l yfz] 0 1 18 19 0 ...
NS xfl 1 18 19 0 8
zbl 0 0 0 0 (3)
ylblo 3 7 8 0
xtb[ 3 7 8 0 22
zh/ o 0o o o0 (6
yh| 0 6 12 4 0

xfb\6 12 4 0 14 ...)
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V4 f3
yf3
X f3
V4 f4
yis
X f4
Z f5

Xf5

X3 Xy Xy Vo

0
0
1
0
0
0

b O O W+ O

1 18
O 8
8 5
0 1
0 2
2 4
O O
0 12
12 20

X°z Xyz Yz XxZ yZ 7

19 8 5
5 0 7
o 7 O
3 2 4
4 0 22
0O 22 O
1 12 20 18

20 0 18 O

O 18 O
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5 0 7 0
4 0 22 O
8 1 18 15
19 8 5 7

3 2 4 22
1 12 20 18
1 11 13

1 18)
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Degree 3

We have constructed 3 new polynomials

fe = y° + 8y2z+ xZ + 18yZ + 157°
f; =xZ2+11yZ2+ 137
fg = yZ2 +187°

We have the linear equivalences:

X fo <+ X g <> fg
f4%f2
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The matrix whose rows are

x> fi, xyf,y*fi,xzf,yz§, 22, i =1,2,3

IS not full rank !
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6x 3= 18 rows
x*x3y,....yZ,Z* 15 columns



6x 3=|18 rows
x*x3y, ..., yZ,7*| 15 columns

Simple linear algebra theorem: 3 useless row
(which ones ?)
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fof3— f3fp =0

can be rewritten

3x° fa+ (74 b)xy i3+ 8y? fa+22xz §
+11yz 5+ 2272 f3— x%f, —18xy f, —19y? f,
—8xzh—-byzh—-72f, =0
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Why (2)

fof3— f3fo =0
can be rewritten

3x° fa+ (74 b)xy i3+ 8y? fa+22xz §

+11yz + 2272 f3 — @ —18xy b, — 19y? f5
—8xzh—-byzh—-72f, =0

We can remove the rowx?f,
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same way fifz— f3f; = 0 — remove x4f;
but f{fo— fof;1 =0 — remove X2 fq !



Why (2)

= (fpfy— fifp) —3(f3fy — f1f3)

(f2—3f3) f1 — f1fo+3f1 13

faf1 — 1o+ 31113

= ((1—b)xy+4yz+2xz+3y*—2°) f;
—(6x°4 - ) fr+3(6x° 4 ) f3

o O O O

mIf b# 1remove xy f
mifb=1removeyzf

Need “some” computation

Samos 2007 +g5 —p. 10




Criterion

Any combination of the trivial relations fjf; = f; f;
can always be written:

U(fzfl— f1f2) —I—V(fgfl— f1f3)—|—W(f2f3— f3f2)

' where u,v,w are arbitrary polynomials.
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Criterion

Any combination of the trivial relations fjf; = f; f;
can always be written:

(Ufz—I—Vfg) fi—ufifo—viifg+whifz—wisfs
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Criterion

Any combination of the trivial relations fjf; = f; f;
can always be written:

(U f2 —I—Vfg)

fi—ufifo—viifg+whifz—wisfs

(trivial) relation hfy4--- =0+« h e Id(fy, f3)

Compute a Grébner basis of (f;, f3) — Gprev.

Remove line hfy iff LT (h) top reducible by Gprev
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y*f1,xzh,yzh,z°f1

ny27y2f27XZf27ny2722f2
x*fa,xy 3, y?f3,x2h,yz , 23
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Degree 4

y*f1,xzf,yzh,2°f;
ny27y2f27xzh7yz-&azzf2
X2f3,ny3,y2f3,XZf3,ny3,szg

In order to use previous computations (degree 2
and 3):

szﬁ f6 f2—> f4
Xfl% f8 yfl% f7
flﬁ f5
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yf7,z215,27, 2215,y f6, 2 4,25,y 2,
22 f47 X2 f37 ny37 y2 f37 XZ f37 YZ f37 22 f37
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4
v
O
L S
o
v
a

8

18 19 0 O

1

0
d

d
8
2

18 19 0 0 8
1

1

0

18 19 0 O

0

22

4 0 O

0

0

15

18

5

1 18 19 0 8

18 19 0 8 5

1

22

18 15
5
1

8 1
1 18 19 8
12 20 18

3

11

1

11 13

1

18
22
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22 f4
22 f5
Z f7

XyZ yz% xz22 yz2 2

[ 1

\ 1

3
1

11

2 4 22\
12 20 18
1 11 13
1 18
0 13 o/

oooooooooooo



Partial conclusion

m [ncremental algorithm

() +Gold

m Glve a “unigue name” to each row.
Remove hfy+--- if LT (h) € LT(GO|d

T (h) signature of the row

N—"

= Implementation of the rewritten rules.
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Signature of a
polynomial

27 ring of polynomials k[X1, ..., Xn]



Signature of a
polynomial

27 ring of polynomials k[X1, ..., Xn]
= (T1) +lold



Signature of a
polynomial

27 ring of polynomials k[X1, ..., Xn]

= (f1) +lo
Objects actually used in the algorithm:
(u,f)eTxZ,dg1€ Z, T €lg|g
s.t. f=0:f1+ f' where LT(g1) = u

Samos 2007 +5 —p. 14



Signature (2)

r=ufleTx P, dge 2, f' ¢ lold
st. f=g1f1+ f " where LT(g1) =u

We say that it is admissible
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Signature (2)

r=ufleTx P, dge 2, f' ¢ lold
st. f=g1f1+ f " where LT(g1) =u

We say that it is admissible
poly(r)=f € &
L(r)=ueT
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Signature (2)

r=ufleTx P, dge 2, f' ¢ lold
st. f=g1f1+ f " where LT(g1) =u

We say that it is admissible
poly(r)=f € &
L(r)=ueT

Example: (f2)+1d(f3)

ro = (1,3X% + 7TXy+ 22X z+ 11yz+ 227° + 8y?)
g = (x,y3_|_8y22_|_)(22_|_...) — (x_|_...)f2_|_(...)f3

Samos 2007 +5 —p. 15



Signature (2)

r=ufleTx P, dge 2, f' ¢ lold
st. f=g1f1+ f " where LT(g1) =u

We say that it is admissible
poly(r)=f € &
L(r)=ueT

LT (r) = LT (poly(r)).
LC(r) = LC(poly(r)).
GcC Z,NF(r,G) = (.L(r),NF(poly(r),G)).



New criterion

We say that r is normalised if

c5”([‘) 7 LT(|O|d)




New criterion

We say that r is normalised if

S (r)=uand ¢(u) =u
where ¢ = NF(.,Groebne(|o|d))




New criterion

We say that r is normalised if
Z(r)y=uand ¢(u) =u
where ¢ = NF(.,Groebne(l;q))
| A critical pair (rj,rj) = ujri — ujrj is normalised if

mU.(rj) < u.(ri)
m ujrj and ujrj normalised

- lem(LT (ri),LT(rj)) - lem(LT(ri),LT(rj))
Ui = T (r)  Uj = CT(r)

Samos 2007 +5 —p. 16



Theorem

If F =[fq,..., fm] @and G =|rq,...,r¢| such that

(i) F C poly(G). Let g; be poly(r;) and
G1=01,---,0k|-

(i) ri admissible (I1=1,...,K).

(ii) forall (i, ) € {1,...,k}, such that the critical
pair (ri,rj) is normalised then
spol(gi,gj) — O

Then G I1s Grobner basis ofl.

Samos 2007 +5 —p. 17



Theorem

If F =[fq,..., fm] @and G =|rq,...,r¢| such that
(i) F C poly(G). Let g; be poly(r;) and
G1=01,.., 9/
(i) ri admissible (I1=1,...,K).
(ii) forall (i, ) € {1,...,k}, such that the critical
pair (ri,rj) is normalised then
spol(gi,gj) has at representation for t < ujr;

lem(LT(g),LT(gj))
LT (ri) '

Then G I1s Grobner basis ofl.

with u; =

Samos 2007 +5 —p. 17



F Algorithm

Input: f, Ggig, ¢ = NF(.,Gg|qg)

G:.= GOldU{r = (1,f)}

P:= (|CritPair(r,r’,¢)|r" € G4 )

while P # 0 do

| Py:={pecP|deqp)=mindegree d? }
Ry := ReductioiSpolPy)),G, ¢)

for r € Ry do
P:= (PU{CritPair(r,r’,¢)|r' € G])
G:=Gu{r}

return G



Critpair

(0 if (r,r’) not normalised

Critpair(r,r’) =
pair(r,r’) = t,Ug,rq,Up, 1] else

where
t=lcm(LT(ry),LT(r2))
u

~+

LT I']_)

LT(I‘z)

~ —~

1
Up
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S-polynomials
Spok([t,uy,ry,Up,Ip]) =

O if ujrj can be rewritten

else

N+t = (U (r1),ug poly(ri) — uz poly(ra))
N:=N-+1
Add the new rule”(rn) — Iy

Samos 2007 +5 —p. 20



s Reducible ?

r top reducible by r’ = if

_ LT(r)
- LT(r)
and ur normalised (u.'(rj ) = U (1))
and ur cannot be rewritten

u IS a monomial

Samos 2007 +5 —p. 21



Top Reduction

if r is top reducible by r’ (u=
r top reducible by r’ =

LT(r') )

{(-(r),poly(r) —upoly(r’)) }
if us(r') <.7(r)

{r N1}
N1 = (U7 (r"),upoly(r’) — poly(r))
N:=N+41
Add a new ruleArN) — In)
else.Z(r) < u.Z(r')



Theoretical results

Theorem 1 Termination of the algorithm.
Theorem 2 The result of the algorithm K Is a
(non reduced) Grobner basis.

Theorem 3 If the algorithm finds a reduction to
zero, rj, — 0 then there exists s e Syz\PSyzwith
LT (s) = .7(ri,).

Corollary 4 If the input system Is a regular
seguence there Is no reduction to zero.
Corollary 5 For almost all systems there is no
reduction to zero.
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s matrix

Special/Simpler version of F5 for dense/generic
polynomials.

the maximal degree D Is a parameter of the
algorithm. degree d m= 2, deg(fj) =2
homogeneous guadratic polynomials, degree d.
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s matrix

m= 2, deg( fj) = 2 homogeneous quadratic
polynomials, degree d:

Mm M M3 My Nk
umfi/ x x x x X \\
u>fiq] X X X X X
usfi] x X X X X
vifol X X X X X ...
vzfz\x X X X X /

deg(ui) = deg(vi) =d—2

Samos 2007 +5 —p. 24



Uz f1
up 1
us fq
vy fo
Vot

My
X
1
0
0
0

OOH><><<§

OH><><><§

=X X X X
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th b t3 14 t5

0 1 x Xx X
0O 0 1 x x
O 0 0O 1 x
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th L t3 1ty t5 ...

| —swixjfy

ﬁlej-kl f2
>V1Xn f2

© O o
© O P
o X

X
X
1

X X X

-Keep vy fo Iff vix & LT ((f1))
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